Recently introduced Zagreb coindices are a generalization of classical Zagreb indices of chemical graph theory. We explore here their basic mathematical properties and present explicit formulae for these new graph invariants under several graph operations.
Here M 1 (G) and M 2 (G) denote the first and the second Zagreb index, respectively. The first Zagreb index can be also expressed as a sum over edges of G,
We refer the reader to [18] for the proof of this fact and for more information on Zagreb indices.
The Zagreb indices can be viewed as the contributions of pairs of adjacent vertices to additively and multiplicatively weighted versions of Wiener numbers and polynomials [17] . Curiously enough, it turns out that similar contributions of non-adjacent pairs of vertices must be taken into account when computing weighted Wiener polynomials of certain composite graphs [4] . As the sums involved run over the edges of the complement of G, such quantities were called Zagreb coindices. More formally, the first Zagreb coindex of a graph G is defined as
and the second Zagreb coindex of a graph G is given by
The pair of new invariants was formally introduced in [4] in a hope that it will improve our ability to quantify the contributions of pairs of non-adjacent vertices to various properties of molecules. As a bonus, the new invariants allowed for a more compact expressions for vertex-weighted Wiener polynomials of the considered composite graphs. For some recent results on the extremal values of Zagreb coindices over several classes of graphs we refer the reader to [1] .
The reader should note that Zagreb coindices of G are not Zagreb indices of G; the defining sums run over E(G), but the degrees are with respect to G. However, those quantities are closely related. We explore the case of M 1 (G) first.
Proposition 1
Let G be a simple graph on n vertices and m edges. Then
Proposition 2
The result of Proposition 2 was also obtained by Das and Gutman in a paper about Zagreb indices [2] .
By writing Proposition 1 as
Zagreb index of a graph will coincide with the first Zagreb index of its complement if and only if the graph and the complement have the same number of edges. A stronger claim turns out to be true for the first Zagreb coindex.
Proposition 3
Let G be a simple graph. Then M 1 (G) = M 1 (G).
Proof
By applying Proposition 2 to G one obtains M 1 (G) = 2m(n − 1) − M 1 (G). Now, plugging in the expression for M 1 (G) from Proposition 1 yields
and this is exactly the expression for
for all simple graphs G.
The expressions for M 2 (G) are less elegant than those for M 1 (G). The following was obtained by Das and Gutman in [2] .
Proposition 4
The result follows by squaring both sides of the identity u∈V (G) d(u) = 2m and then splitting the term 2 d(u)d(v) into two sums, one over the edges of G, the other over the edges of G.
An alternative expression for M 2 (G) can be obtained by changing the signs of both terms in the product contributed by each of the missing edges.
Proposition 5
It follows straight from the definitions that both Zagreb coindices achieve their smallest possible value of 0 on the complete and on the empty graphs. In the case of complete graph, the sums are taken over the empty set of edges; in the case of empty graphs, all degrees are zero.
Proposition 6
The following results for paths and cycles on n vertices follow easily by direct calculations.
Proposition 7
Main results
In this section we introduce the graph operations used for producing the composite graphs relevant for our purpose and review their basic properties. We consider seven operations.
Each of them is treated in a separate subsection. The order of subsections is determined by the increasing complexity of presented results. We refer the reader to monograph [8] for more information on composite graphs.
All considered operations are binary. Hence, we will usually deal with two finite and simple graphs, G 1 and G 2 . For a given graph G i , its vertex and edge sets will be denoted by V i and E i , respectively, and their cardinalities by n i and m i , respectively, where i = 1, 2. The number of edges in G i is denoted by m i . When more than two graphs can be combined using a given operation, the values of subscripts will vary accordingly.
Union
The simplest operation we consider here is a union of two graphs. A union G 1 ∪ G 2 of the graphs G 1 and G 2 is the graph with the vertex set V 1 ∪ V 2 and the edge set
Here we assume that V 1 and V 2 are disjoint.
Proposition 8
Let G 1 and G 2 be two simple graphs. Then
Proof
The degree d G 1 ∪G 2 (u) of a vertex u is equal to the degree of u in the component G i that contains it. The first Zagreb coindex of G 1 ∪G 2 is then equal to the sum of the first Zagreb coindices of the components plus the contributions from the missing edges between the components. But the missing edges make the edge set of K n 1 ,n 2 , hence there are n 1 n 2 of them, and their total contribution is given by
This gives us the first claim. The second claim follows by the same reasoning, since the contribution of the missing edges between G 1 and G 2 is given by
The established formulae for the Zagreb coindices of union will be useful when considering more complex operations. They can be generalized to the case of a union of more than two graphs in a straightforward manner, and we leave that to the interested reader.
Sum (join)
Next in the order of complexity is the operation of sum of two graphs. A sum G 1 + G 2 of two graphs G 1 and G 2 with disjoint vertex sets V 1 and V 2 is the graph on the vertex set
Hence, the sum of two graphs is obtained by connecting each vertex of one graph to each vertex of the other graph, while keeping all edges of both graphs. The sum of two graphs is sometimes also called a join and denoted by G 1 ∇G 2 . We first consider the case when one of the components in a sum is single vertex.
Proof
The first claim follows from the relation G + K 1 = G ∪ K 1 by using Proposition 3 and Proposition 8 (i). To prove the second claim, we consider
But the second sum on the right hand side runs over the empty set of edges; hence, it is equal to zero. The degrees in the remaining sum are taken with respect to the whole
From Proposition 9 we obtain explicit formulas for Zagreb coindices of the n-vertex star
Now we tackle the general case.
Proposition 10
Proof
The first claim again follows from
To prove the second claim, notice
Since all possible edges between G 1 and G 2 are present in G 1 + G 2 , there are no missing edges and hence their contribution is zero. The remaining two contributions, one from the edges missing in G 1 and the other from the edges missing in G 2 , are given by
and similarly for the sum over the edges missing in G 2 . The claim (ii) now follows by adding the two contributions.
Now we can give the explicit formulas for M 1 (K p,q ) and M 2 (K p,q ) for p, q ≥ 2. They follow from K p,q = K p + K q via Proposition 9.
Corollary 11
The sum operation can be extended inductively to more than two graphs in an obvious way. Let G 1 , ..., G k be graphs with vertex sets V i and edge sets E i of cardinality n i and m i , respectively. Their sum is a graph
Starting from Proposition 10, by inductive reasoning we obtain following expression for the first Zagreb coindex of a sum of several graphs.
Corollary 12
As an illustration, we consider the case of the complete k-partite graph K n 1 ,...,n k with classes of partitions of sizes n 1 , ..., n k . This graph is a sum of k empty graphs K n i , and from Corollary 11 we can easily obtain a formula for M 1 (K n 1 ,...,n k ) by noting that the first sum of the right hand side is equal to zero. Particularly simple formula is obtained when all classes are of equal size, say p. In this case we have a balanced complete k-partite graphs on k · p vertices, and its first Zagreb coindex is given by
The above formula can be also verified by direct computation.
Cartesian product
Now we consider a series of four operations -Cartesian product, disjunction, symmetric difference and composition -that result in a graph defined on the Cartesian product of vertex sets of participating graphs. All four are associative, and the composition is the only one that is not commutative. The shared properties make the first three operations suitable for a synoptic treatment. As the Cartesian product is the most important of them, we use it as a representative of the whole group and present the results in more detail.
For given graphs G 1 and G 2 we define their Cartesian product G Obviously, |E(G 1 G 2 )| = n 1 m 2 + n 2 m 1 , where n i and m i denote the number of vertices and edges, respectively, of G i . The degree of a vertex (u 1 , u 2 ) of G 1 G 2 is obtained by adding the degrees of its projections to the respective components,
. The Cartesian product of two graphs is connected if and only if both components are connected.
Proposition 13
M 1 (G 1 G 2 ) = 2(n 1 m 2 + n 2 m 1 )(n 1 n 2 − 1) − 8m 1 m 2 − n 2 M 1 (G 1 ) − n 1 M 1 (G 2 ) M 2 (G 1 G 2 ) = 2(n 1 m 2 + n 2 m 1 ) 2 − 4m 1 m 2 − [n 1 M 2 (G 2 ) + n 2 M 2 (G 1 )] −[(3m 2 + 1 2 n 2 )M 1 (G 1 ) + (3m 1 + 1 2 n 1 )M 1 (G 2 )]
Proof
The first formula follows from Proposition 2 and the expression
from Theorem 1 of reference [11] . The second formula follows in the same way by plugging the expression
As an application of the above result we list explicit formulae for the first Zagreb coindex of P r P s , P r C q and C p C q . These graphs are known as the rectangular grid, the C 4 nanotube, and the C 4 nanotorus, respectively. The formulae follow from Proposition 13
by plugging in the expressions M 1 (P n ) = 4n − 6 and M 1 (C n ) = 4n.
Corollary 14
M 1 (P r P s ) = 2[rs(2rs − r − s − 10) + 4(2r + 2s − 1)];
Similar formulae can be obtained for the second Zagreb coindex of the above graphs by taking into account the expressions M 2 (P n ) = 4(n − 2) for n ≥ 3, M 2 (P 2 ) = 1, and
Particularly simple is the expression for the nanotorus case, M 2 (C p C q ) = 8pq(pq − 3). Further results can be obtained for ladders and prisms by specializing the value of r to 2 in the above formulae, but we leave this to the reader.
The Cartesian product is defined for more than two graphs in an obvious manner. If
. . , G k are some graphs, the first Zagreb index of their product
(We refer the reader to [11] for the proof of this result and also for similar but more
) By plugging this into Proposition 2 one can obtain the expression for M 1 ( k i=1 G i ) in terms of the first Zagreb index of the factors. In the simplest situation, when all factors are equal, we obtain a formula for the first Zagreb coindex of k-th Cartesian power of a graph G.
Corollary 15
As an application, we present the formula for M 1 (Q k ), where
Disjunction
The disjunction G 1 ∨ G 2 of two graphs G 1 and G 2 is the graph with vertex set
Proposition 16
The proof follows by combining Proposition 2 with the relevant results from [11] and we omit it. By the same reasoning one can obtain a formula for M 2 (G 1 ∨ G 2 ), but it is too cumbersome to be of much practical interest and we do not present it here.
Symmetric difference
The symmetric difference G 1 ⊕ G 2 of two graphs G 1 and G 2 is the graph with vertex
is adjacent with (v 1 , v 2 ) whenever u 1 is adjacent with
, while the number of edges in
Much as in the previous case, we present only formula for the first Zagreb coindex of a symmetric difference of two graphs.
Proposition 17
Composition
The composition G to expand each vertex of G 1 into a copy of G 2 , with each edge of G 1 replaced by the set of all possible edges between the corresponding copies of G 2 . Hence the number of edges in
Proposition 18
The proof follows much in the same way as in the previous cases and we omit it. As an application we present formulae for Zagreb coindices of open and closed fences,
Corollary 19
Corona
For given graphs G 1 and G 2 we define their corona product G 1 • G 2 as the graph obtained by taking |V (G 1 )| copies of G 2 and joining each vertex of the i-th copy with vertex
The vertex set of a corona product of two graphs is not the Cartesian product of their vertex sets. However, each vertex v of a copy of G 2 attached to a vertex u from G 1 can be uniquely described by the ordered pair (u, v). Hence the vertices in all copies of G 2 can be described as the elements of the Cartesian product V (G 1 ) × V (G 2 ). This description can be extended to all vertices of G 1 • G 2 by introducing a special symbol φ so that
where ordered pairs (u, φ) denote the vertices of G 1 .
It follows from the definition that by forming a corona product
Similarly, the degree of each vertex in a copy of G 2 will increase by one. Hence,
. The proof follows by manipulating the defining formulae and we omit it. As an application of this result, we present the formulae for Zagreb coindices of a thorny cycle C n • K k .
Proposition 20
Corollary 21.
Concluding remarks
Zagreb coindices are a pair of recently introduced graph invariants that generalize much used Zagreb indices. In this paper we have investigated their basic mathematical properties and obtained explicit formulae for their values under several graph operations. However, much work still needs to be done, and here we mention some possible directions for future research.
In order to keep this paper at reasonable length, it was necessary to leave out some operations, such as, e.g., splices and links of two or more graphs. Both operations are of considerable chemical interest [5] . By their iterating we arrive at various types of linear polymers. It would be interesting to have explicit or at least recursive formulae for their Zagreb coindices. Another problem worth looking at is to determine extremal values of Zagreb coindices over various classes of graphs. For some initial progress in that direction we refer the reader to [1] . While the extremal values over all trees can be easily derived from the presented results, the problem is unsolved for the class of chemical trees. Finally, one could also look at the behavior of Zagreb coindices under various local operations such as, e.g., edge deletions, contractions and subdivisions.
